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This paper shows how Monte Carlo methods can be used to evaluate multidimensional
integrals that occur in Glauber scattering theory. A detailed discussion of the various
Monte Carlo methods is given. The methods are used to obtain the proton-proton
elastic scattering differential cross section, where the proton is composed of three
quarks with hard cores. It is found that including a quark hard core has no effect on the
differential cross section for a fixed rms quark distance.

1. INTRODUCTION

The Glauber approximation [1] for the high-energy scattering of composite
systems has had a wide range of application in the last 15 years. It has been applied
to problems in molecular, atomic, nuclear, and particle physics with a great deal of
success. Inelastic [2] as well as elastic scattering phenomena have been investigated
using this approximation. The multiple scattering nature of the approximation
allows the total scattering amplitude to be written as a series of terms which depend
on the number of constituent-particle scatters that were effective during the
system-system collision. Thus, at small angles or small momentum transfers, the
scattering amplitude is determined by single and double scattering processes,
while at increasingly larger angles higher-order scattering processes begin to
dominate. The total elastic scattering amplitude can be calculated provided one can
specify how the constituent particles scatter as free particles and how they are
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bound, i.e., specifying the particle—particle scattering amplitudes and the system
wavefunctions.

To evaluate the total system-system scattering amplitude, a many-dimensional
integral over the constituent particle coordinates and also a two-dimensional
integral over the impact parameter need be calculated. In general, for the problem
of an n-particle system scattering from a system of »’ particles, one must evaluate
an integral of (3n — 3) + (3" — 3) 4+ 2 dimensions. Only when rather simple
functional forms are used for the system wavefunctions and particle-particle
scattering amplitudes can one hope to evaluate these integrals explicitly. Previous
calculations on particle-nucleus scattering [3] and elementary particle scattering
in the quark model [4] have used Gaussians or sums of Gaussians for the functional
forms of the constituent-particle scattering amplitudes and system wavefunctions
or form factors. The introduction of more complex functions results in a many-
dimensional integration that is at least formidable if not impossible to evaluate by
analytic methods. It is the purpose of this paper to investigate how Monte Carlo
techniques might be employed to obtain accurate numerical solutions to the many-
dimensional integrals encountered in the Glauber theory.

Monte Carlo methods have increased in popularity as faster computing machines
have been developed over the last few decades. Today, on present computers, one
is able to evaluate a given statistical estimator many thousands of times in a matter
of minutes. Such large sample sizes are needed in many Monte Carlo calculations
to meet the accuracy requirements.

Schmid and others [5] have used Monte Carlo methods successfully to calculate
binding energies of light nuclei, using a Rayleigh—Ritz variational procedure to
minimize the expectation value of the Hamiltonian which included hard core
potentials and functions with hard core factors. In this type of analysis one en-
counters many-dimensional integrals over the constituent nucleon coordinates
which can be handled conveniently and accurately by Monte Carlo methods.

The accuracy of Monte Carlo methods is rather insensitive to the number of
dimensions involved but very sensitive to large or rapid changes in the integrand
as a function of any of the integration variables. In evaluating the Glauber integrals,
the major problem lies in the integration over the impact parameter b because of
the appearance of the oscillating factor exp(iA - b), where A is the momentum
transferred between the colliding systems. As A increases in magnitude, this factor
destroys the “‘nice” behavior we would require of the integrand for Monte Carlo
calculation. We will discuss this in more detail in the main text.

In this paper we will explore various methods of maximizing the efficiency of
Monte Carlo evaluations of the many-dimensional integrals encountered in the
Glauber theory.

In Section I1 we will exhibit the type of integral we plan to evaluate. A short
explanation of how Monte Carlo techniques can be applied to evaluating integrals
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will follow in Section III. We will then turn our attention to a particular problem,
namely, the elastic scattering of two systems containing three particles each with
hard core wavefunctions—i.e., proton—proton elastic scattering where the protons
are composed of three quarks. In Section V we will discuss various approaches
to evaluating the resulting integrals.

II. GLAUBER APPROXIMATION

The scattering amplitude as a function of the momentum transfer A for n-particle
system-n’-particle system collisions in the Glauber approximation can be written as

Fie(B) = kf2mi [ d%e™™ [ --- [ dg, - dq, day’ - dgy
“up(Qe Q) ur(@y” - q) geXP [i Y xuw(d — s + s2')] - 1$

“u(Qy Q) udqy” et ), 09)

where k is the momentum of the incident system in the lab frame and b is the
impact parameter which is the component of the displacement between centers of
mass of the two systems in the plane having a normal in the direction k. The
coordinates q, ** q, and q,’ *** q,,. are the coordinates of the constituent particles
of the incident and target systems, respectively. The coordinates s, --* s, and
s’ - s, are projections of the g-coordinates on the plane having normal k. The
wavefunctions of the systems initially and finally are given by the functions u;,
u;’ and ug , ug’. The y-functions are called the phase shift functions and are related
to the interaction potential between the constituent particles. The phase shift
x:i for the ith particle in the unprimed system scattering from the i’th particle
in the primed system is

—i > ,
Xie® =i+ s0) = 70 [ Vielb — s, + 54, 2) d, @)

where V- is the interaction potential. The summation 3 ;- in Eq. (1) is over all
two-particle interactions; i.e., 11, 12',..., 1, 21°, 22',....2¢',...., nY',...., 0. Tt is
useful to define the profile function

I'b —s; + si) = 1 — expliys(b — s; + s¥)] (3
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so that the expression in curly brackets in Eq. (1) can be expanded as
exp[iT xb—s+50)| — 1 =Y Tiwld — s, + 50)

Y. > Tu(b —s; + 8i) Tyr(b — s; + s7)
i
@95’

+ Z Z Y. Li(d — s; + s7) Iyy(b — 8; + 577)

X Iygr(b — sg + s77)

nn'
+ o+ T Db —s; +s), @
ii’'=11"
where the summations are performed over all two-particle interactions that can
occur between the two systems such that no combination appears twice. The
profile functions I';;- are related to the free particle—particle scattering amplitudes as

£i®) = 5 [ €T, 0) %, ®

When Eq. (4) is substituted into Eq. (1), the expression for the total scattering
amplitude becomes a sum of a large number of many-dimensional integrals, each
containing a single I'-term or product of more than one I, such as Iyl or
Iy Ty, or higher. The integrals which include only I';;- terms are called the
single scatter contribution. Those having I, - I terms are called double
scattering contributions, etc. At 4 = 0, the single and double scatter terms
dominate, accounting for greater than 95 % of the contributions. As | A | increases,
higher-order contributions become more important (see, for example, Ref. [4]).

III. MoNTE CARLO EVALUATION OF DEFINITE INTEGRALS

In this section we will discuss some of the basic ideas and techniques of Monte
‘Carlo methods applied to evaluating definite integrals. Consider the m-dimensional
integral

I = f:l ng J‘b"'f(xl s Xg yeney X)) dXy dXg ==+ dXp, . 6)

am

The integration variables x,, x,,..., X, can be considered continuous random
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variables having a probability density function P(x,, X ..., X,,) dX; dX; == dX,s
defined in g, < x; < by, ap < Xp < by e, @y < X, < by, and normalized to
unity. Rewriting Eq. (6) as

= [ et e, e x) D

we see that the integral is just the expectation of the function
g(xl s x2 gty x'm) = f(xl b x2 EXEXE] xm)/P(xl 3 x2 yeeey xm)’ (8)

ie.,
I = &{g(x1, X3 5uees Xm)}- ®

An unbiased estimator of this expectation over N-observations of the random
variables x, , x; ,..., X, is the simple average

1 g .
W Z g(xli’ x2‘s---s xmi)’ (10)

i=1

I:

where x is the ith observation of the random variable x; . An unbiased estimator
of the variance is

N N 2
var(h) = g | (ot e 998 — 7| 3 et 5 w0 ] 1)

i=1

and the standard error is
AI = [var(I)/NT\/2, (12)

For most problems, the probability density function is taken to be a product of
single-variable functions, i.e,,

P(Xy, X3 ey Xmm) dxy dXp >+ X = P1(2) Po(X5) *** Ppo(Xy) dxy dXy -+ Xy . (13)

This is done to facilitate the generation of the observations of the random variables
since simplicity and speed of evaluation of Egs. (10) and (11) are important factors
in successful and accurate Monte Carlo. (For an example of conditional or biased
Monte Carlo see Ref. [6].)

The accuracy of a Monte Carlo calculation depends on two basic elements, as
can be seen from Eq. (12), i.e., the variance and the number of observations, N.
To increase the accuracy of a given calculation, either the number of observations
is increased or the variance is reduced. Some common variance-reducing techniques
are stratified sampling, importance sampling, and control variates, among other.
The simplest scheme is called crude Monte Carlo, where the probability density



358 KLENK AND KANOFSKY

function has the form of a product of rectangular or uniform distribution functions
of the form

P(xy, X3 5000y Xp) Ay dty ++- dXy = Uy(xy) Up(Xp) - Upe(X) dxy dxy -+ dx,,  (14)

where
. 1/(bJ - aJ')9 a; < X, < b:i ’
Uj(xs) dx, = 0, otherwise. (15)
The estimator of the integral Eq. (6) becomes
I M N . .
I == [1G; —ap|- Y fOal, x'ees X)) (16)
N j=1 i=1

Thus the integration is replaced by the simple average of the integrand over many
observations of the random variables. When the integrand varies rapidly between
the limits of integration, it is advantageous to break the integral into smaller parts
and evaluate each part separately using crude Monte Carlo; this is called stratified
sampling. Other times it may be possible to “subtract out” the rapidly varying
part using an analytic function which can be readily integrated. This is a type of
control variate procedure. Another popular technique is importance sampling and
one which we employ in our calculations. Here the probability density functions
for the random variables are chosen so that they behave on a gross scale much like
the integrand itself. In a certain sense, importance sampling techniques “factor out”
the variations of the integrand which would otherwise yield a large variance in
crude Monte Carlo.

There is a compromise which one must make in all variance-reducing schemes;
in attempting to reduce the variance of a calculation, one inherently increases the
complexity and work to perform the generation of the random variables or
evaluation of the integrand or both. Hence a profitable variance-reducing technique
is one which will yield a more accurate result; i.e., smaller A7 with the same amount
of labor (or computer time).

IV. GLAUBER APPROXIMATION WITH HARD CORES

We consider the particular problem of the high-energy elastic scattering of two
systems each containing three of the same type of particle. The scattering amplitude
for the free scattering of these constituent particles will be Gaussian in form. This
problem is of interest in high-energy elastic scattering of protons in the quark
model, where each proton is composed of three quarks [4]. Also, if the constituent
particles are nucleons, not distinguishing protons and neutrons, this would be
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triton-triton elastic scattering. In any case, this problem exemplifies the general
features of composite elastic scattering problems that are of interest in nuclear
physics [3] and elementary particle scattering in the quark model [4].

For this problem, the expression for the phase shift function, Eq. (4), simplifies to

[exp (5 xuw® — s: +5i9) — 1]

=9Iy (b —s; +8) — [18y(b — s, + 8) [opr(d — 5 + 85)
+ 1800 — 8y +8,) I'ip(b — 5, + 85)]
+ [6Ihy(b — s + 8,) Tgpr(b — 83 + 85") I'gpr(b — 85 + 85°)
+ 36D — 8; + ;) Typr(b — 51 + 87) (b — 55 + 85°)
+ 36I,(b — 8, + 81) Db — 5, + 8,) Ioyr(b — 53 + 55)
+ 6y (b — s, + 8,) Nor(b — 5, + 85) ['z(b — 8, + 857)]
+ HO terms. an

We will include only up to third-order terms in the Monte Carlo calculations.
For most calculations this is sufficient. Placing Eq. (17) into Eq. (1), we see that
the total scattering amplitude is seven multidimensional integrals.

When the system wavefunctions are chosen to the Gaussians or sums of Gaussians
these integrals can be evaluated analytically (see Ref. [4]). When hard core factors
are included the evaluation becomes extremely difficult if not impossible. Monte
Carlo methods, and in particular, importance sampling techniques, can be applied
to this problem in a natural way.

Let the system wavefunctions be of the form

1
lu(ry, Iy, 13)|> = Cexp :F Z rzzs‘g “éuc - O(ry + 1, 4 13), (18)
i>j

where, following Schmid [5],

fuc = Hg(rij) =g(lrp — 1D g(ry — ) gliry — 1y ),

i>]

0, a> B,
gla) = gsin[(a —Be—Pl B<a<a, 19
1, a> a,
ry=|r —nrl,

and the scattering amplitude for the constituent particles when scattering as free
particles is of the form

fir(d) = f(0) exp{—B* 4%/2}, (20)

where f(0) and B? are in general complex constants.
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For elastic scattering ur = u;, ¥’ = u" in Eq. (1) and we take Eq. (18) as the
wavefunction for both systems. The resulting expression for the total scattering
amplitude to third-order scattering terms becomes

k 7
Foune® = 55 [ ap s $ 1) o)
where
PN = fdr1 dry drg dry dry’ dry [ u(ry, vy, 1) | u(ry, ry', 15")|2
. FN(b’ sl ’ s2 ’ sa ’ sl', 52" s3l) (22)
and
I'1=9F11’, P2:_18F11’F22”

1"3 = —‘18[‘11’1112’ > F4 = 6F11'F22’F33' ’
I's = 36P11'P12'F33’ ’ Ps = 36F11'F12’P22' .
I": = 6P11’P12'F13’ s

(23)

v

Let us consider the seven integrals of Eq. (22), ignoring for the moment the
integration over the impact parameter. It is convenient to make the following
change of variables [5].

u=r +r, v =r+r, (24)
vV=r —1I,, V=r—r.

This change enables us to write Eq. (22), using Eq. (18), for the wavefunction, as
I'y®) = ¢ f du dv du’ dv' exp[— W o2 + v¥0,?) — (u'?/c,? + v'¥0c,%)]
: fHC(u’ v) ‘fHC(u,’ V’) ' PN(bs [ A uly V,). (25)

This form of the integral has the feature that the integration variables in the
exponential terms do not appear in cross terms like u - v. The observations of the
new coordinates will be generated according to the normal probability density
functions

N (0:42’ w) = (770':42 82 eXP{—(l/ af)(uxz + uv2 + uzz)} ’ (26)
N(o7, v) = (mo?) ™" exp{—(1/o D), + v,> + v,D)},

with similar expressions for the primed coordinates.
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For the “no hard core” case where the hard core is unity, i.e., « = B = 0, the
T',’s can be calculated analytically. Thus, we can use this limit to check the relia-
bility of the Monte Carlo calculations. The parameters o, and o, are chosen
carefully. As a rule of thumb they should be chosen slightly larger than the wave-
function parameters o, and o, . If they are chosen too small, poor convergence
will result.

To illustrate this point, consider the integral

A= Q" [ dx et-oreetat @

Using the Monte Carlo method described in Section III we write this integral as

4= g 89 dx, @8

where f(x) = (2/w)*2exp[—(1 — x)*] exp[—x2/a?] and we choose g(x) =
[1/(ra’'$)1/2] exp[—x%/«'?]. An estimate of A4 is the average over M observations of x,

M
A4 =(Q1/M) V2 («[a) ¥, exp[—(1 — x;)*] - exp[—x;/o?], 29
i=1
where x; is the jth observation. Choosing « = 1, the exact value of this integral
is A = 0.6065. Table I shows the results of the Monte Carlo calculation when o’
is 0.1, 0.5, 1.0, and 1.5 for increasing sample sizes. It is seen that the resuits for
o’ = 0.1 are quite a bit smaller than the exact result and the convergence to the
correct result is slow at best. At o' = 0.5, the results are beginning to look reason-
able although the approach to the exact result is still slow. For o' = 1.0 there is
greater agreement and convergence is quite satisfactory, being accurate to about
1%, with a sample size of 10,000.

TABLE I

Monte Carlo Estimates of Eq. (29) for Various Sample Sizes, M, and
Various Values of the Parameter o, the Generation Parameter®

o
AN 0.1 0.5 1.0 1.5

500 0415 0.633 0.598 0.644
1000 0.379 0.612 0.593 0.618
5000 0.424 0.622 0.603 0.613

10,000 0.513 0.626 0.599 0.615

2 The value of the integral for o = 1 is 0.6065.
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For the “no hard core” case the results of the Monte Carlo calculations are shown
in Fig. 1. Each of the seven I'(b) were calculated at 16 values of b using 1000
observations at each point. The exact result is also shown. The standard errors
are smaller than the symbols, and so are not drawn in the figure. Agreement is
quite good.

Two other quantities are also calculated simultaneously with the I'’s. The
normalization constant, Rporm , defined by

Rygrm = (w022 (mwa)~3 f dPu d% d*uw d%’ | u(u, v)® | u(w’, V)%, (30)
which for the “no hard core” calculation can be found exactly to be
Roorm = (70,2 (wo 2P /(w02 (wa?)® = (1.1)7° = 0.56447, (31)

when o = 1.10,2 and o/2 = 1.10,2 Also the rms distance {r2)1/2 is calculated
D = fd"’u a3 r? | u(u, v)] /f d*u d% | u(u, v)|* = o, (32)

The value of I’—N(b) is calculated using 1000 estimates at each value of . Thus a
total of 16,000 estimates is required to obtain the results shown in Fig. 1. Table II
lists the values of <r?> and Rnorm for various runs. The values of the parameters
used in these calculations are Re B2 = 3.75, Im B? = 5.0, Ref(0) = —0.18,
Im f(0) = 1.1, and 0,2 + Re B% = 8.63, where the units are (GeV/c)2.

TABLE 11

Values of Monte Carlo estimates of <r*> and Ryorm for three
independent runs for the no hard core case

{r 2> Ruorm

Exact value = 7.32 Exact value = 0.5645 Sample size
7.35 0.5646 16,000
7.33 0.5649 16,000
7.39 0.5625 16,000

When the hard core is “turned on,” we proceed in exactly the same manner,
choosing the random observations to have the same probability density functions,
Eq. (26). We expect that more estimates will be needed to achieve the same order of
accuracy as in the “no hard core” case since many of the estimates will give zero
contributions due to the hard core factors.
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It is easy to estimate the fraction of the observations which give zero contribution.
We define the number of effective observations or estimates, Negz , as the number
of observations which give nonzero values for the wavefunction. To evaluate Nege

for a given value of b, we consider the probabilitv densitv function of the inter-

The probability density function for the magnitude of » is found by integrating
P(v) over the angle variables:

P(lv]) = (o)™ - 4mpPe="e2, (34)

The probability that | v | is less than or equal to B is the probability that the hard
core factor g(v) will be zero, i.e.,

P(lv|<B) = foﬂ P(v|) dv = 4m(mwat)? J;B vie=v*/o7’ dp, (35)

Integrating by parts, this integral becomes

B
(ol <f) =2 fuyar — 8], (36)
where
B = V2o,
and
£ = (/@] - exp(—12). (37)

Equation (32) is the probability that an estimate will give zero contribution when
the density function contains a hard core of size 8. The integrand in the actual
calculation contains six hard core factors corresponding to the three inter-
particle displacements in each of the two protons. Thus the probability for a
nonzero contribution is

[1—Plv] <P (38)

The number of effective estimates is given in terms of this probability and the
actual number of estimates

Nett = [1 — P(jv| < B)IF - Nactua - 39)

For hard cores of size B = 1, 2, and 3 (GeV/c)™! and for Nactuar = 1000, the
number of effective estimates is

Nen(B = 1) = 941, Nen(B = 2) = 598, New(B = 3) = 215.
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Using the criterion that the number of effective estimates for hard core calculations
be equal to the total number of estimates for the “no hard core” case to obtain
the same accuracy, we can approximate the number of estimates we need to
achieve the same accuracy as in a calculation where no hard core factors are
included, i.e., the calculation of the previous section. We adjust Nactua1 50 that Neet
equals the number of estimates for the “no hard core” case. For example, to
obtain results of the same accuracy as the previous section where 1000 estimates
were used we would need

Nactua = 1000/0.941 = 1062 for B = 1.0(GeV/o)~,
Nactua1 = 1000/0.598 = 1672 for B = 2.0 (GeV/c),
Nactual = 1000/0.215 = 4651  for B = 3.0(GeV/c)™.

The function I'(b) for three different-sized hard cores, « = 1.5 and B = 1.0,
a=25and § =20, o« = 3.5 and 8 = 3.0, was investigated and in Table III
we list the values of {r%> and Rperm Obtained in these calculations. It is seen that
{r% is increased quite significantly over the “no hard core” case and increases as
B increases. In Fig. 2, the function I'(b) is shown for the hard core parameters
o = 3.5 and 8 = 3.0, obtained by taking 6000 estimates at each value of 5. Also
shown are the “no hard core” analytic results (solid lines) so that the deviations
can be more readily ascertained. The presence of hard core effects is observed in the
reduced peaks of I'(b) near b = 0. Three independent runs were made for each of
the three hard core sizes investigated. For « = 1.5 and 8 = 1.0, 1100 estimates
were used at each value of b. For o = 2.5 and B = 2.0, 3000 estimates were used.

TABLE II1

Values of {r*> and Ruorm for Various Sizes for the Hard Core

Run identification ® B Ruorm Ly
1HC1 1.5 1.0 0.497 7.64
2HC1 1.5 1.0 0.495 7.60
3HC1 1.5 1.0 0.479 7.61
1HC2 2.5 2.0 0.277 8.54
2HC2 2.5 2.0 0.280 8.51
3HC2 2.5 2.0 0.279 8.48
1HC3 35 3.0 0.0829 10.30
2HC3 3.5 3.0 0.0833 10.31

3HC3 35 3.0 0.0829 10.26




KLENK AND KANOFSKY

366

*SUONEB[NI[BD 3109 piey
AY) JO INSLIGIDRIRYD SI () = ¢ IB3U }5310 SuUTu)IBY YT, "95ED 210D PIBY OU Y} JOJ JNSIT JOBXI 3Y) SI SUI] PHOS Y], "0’ = § pue ‘§’¢ = »
are siajwered 9100 piey YL ‘UMOYS 18 JOPIO Pyl 03 SINSNY ‘(). J suonsuny s[yoid 9y} JO UONEN[BAD OIBD) JJUOIN Y[, ‘T "OIf

2-(9/A29)9 2-(9/n09)q 2-{Yr29)q z-(9/A99)q
9 14 2 ¢ 9 14 2 o] 9 v 2 0
1 1 1 I NI I i Nl i 1 1
|
AUVYNIOVHI—» ANVNIOVNI
14
A

To_x?vm.::x.rp [o]]

2 {3/A%9)q

[o]] 8 9 14 2 o]

: It

401 X{¢g) uJuE._.rH. (o]}

2-(/A99)q
8 9 b 2

b 2 '

+-01X(2)37d14L L Q)

X +-0ix(1)31d181 L 01

I~

2(9/A®9)q
ol 8 9 v 2 )

L. 1 2 I

£-01X(2)378n0aq

¢-01X(1) 378n0a} 2

J

AYVNIOV N1

2-01 X m._wz—mr.H



GLAUBER SCATTERING INTEGRALS 367

Of course the object of this calculation is to obtain the scattering amplitude
and differential cross section. To achieve this end we must take the Fourier
transform of the functions I'y(b) to obtain the scattering amplitude. Using a grid
method for integrating the transform integral of the point by point functions
I'y(b) obtained by the Monte Carlo calculations of the previous sections works
well for small values of the momentum transfer squared, 42, but due to the oscillating
factor exp(iA - b) this method gives poor results for large values of 42, specifically,
for this problem, 42 > 0.5(GeV/c)®. An alternate procedure, which is the one
we describe here, is to x2fit the numerical functions I'y(b), i = 1, 7 determined by
Monte Carlo methods to analytic functions whose transform properties are known.
The goodness of the fits will be the most significant factor in determining whether
the amplitude obtained in this way is a reliable result or not. A set of different
runs is necessary in order to obtain an idea of the accuracy of the results, i.e., for
each set of parameters the complete calculation of the amplitude and cross section
is to be repeated several times with independent sets of estimates so as to test for
reproducibility and accuracy. It is reasonable to fit our Monte Carlo I',(b)-
functions to a series of Gaussians of the form

N
TTTp) = Y. TP exp(—Eb®) = T{ exp(—Ed®) + T exp(—2EH%) + -,

=1 (40)
where the subscript i specifies the scattering process, i.e.,, i = 1, 7 and T and
E; are complex. Each scatter contribution is fit separately, which gives a total of
seven fits for each run,

Having obtained E; and T”, we can find the scattering amplitude for each type

of scatter by taking the Fourier transform of the fitting function, which is

fid) = ¥ (TPE) - exp(—4Y4jE,) (41)

j=1

and the total scattering amplitude, up to third order in scatter processes, i.e.,
i=1171is

7 N
Fou(d) = Y, ¥ (T|E) exp[—A*J4E]. 42)
1=1 7=1
The y3-fitting procedure minimizes the function
M — ——— ——e
x2 = Y {I'Mb,) — TF™(b))/ATMC(b,)}, 43
k=1

where M is the number of values of b at which I'MS(b,) has been evaluated using
Monte Carlo methods and AT"°(b,) is the standard error. The superscript MC
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represents the Monte Carlo values while FIT denotes the value of the fitting
function given by Eq. (40).

We will require that the fits have at least a confidence level of 0.01. In terms of
the maximum allowable value for ¥ as a function of the number of degrees of
freedom, v, this means that for

v = 24, X12~4Ax = 43.0;
v =25 xhax = 43;
v == 26, Xiax = 45.6.

The number of degrees of freedom is defined as the number of data points minus
the number of parameters in the fitting function. The number of parameters in
the fitting function of Eq. (40) is 2N + 2, where & is the number of terms in the
expansion. The total number of data points, M, is twice the number of points at
which I:f‘—‘:(b) is calculated using Monte Carlo methods since I—"—Eﬁ(b) has both real
and imaginary parts. Thus the number of degrees of freedom for these fits is
v=M—2N—2. @
As we have mentioned before, three independent runs were made for each of the
three hard core sizes investigated, i.e., « = 3.5, 8 =3.0; o = 2.5, B = 2.0;
and « = 1.5, 8 = 1.0. The results of the fits of the Monte Carlo function I')’s for
the “no hard core” case and the three different-sized ‘“hard core” cases to the
function I'F'(b) of Eq. (40) are shown in Table IV. The values of x,2, fori = 1, 7,
for the different runs indicate that the fits are acceptable.
The differential cross section in terms of the scattering amplitude is found using

dojdt = m | Fyp(d)2 = =

> S @3)

The f;(4)’s are the Fourier transforms of the fit functions I'; ' of Eq. (41). Figs. 3-6
show the differential cross sections for the ‘““no hard core” case and the three
“hard core” cases. The “no hard core” results in Fig. 3 are compared to the
exact result and agreement is seen to be quite good. The dashed lines in the figures
indicate the extreme values of do/dt determined by the Monte Carlo—Fit method
we have been describing. The solid lines in Figs. 4-6 for the “hard core™ cases are
the exact calculations where the density function parameter o,? has been adjusted
to match the values of <r%> in Table III for the various hard core sizes.

There is no noticeable difference between the “no hard-core” cross sections with
{r?> the same as in the hard core case and the corresponding hard core results.
Thus we conclude for the range of hard core values we have investigated that for
a fixed rms quark distance {r2>1/% there is no hard core effect on the proton-proton
differential cross sections.
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TABLE 1V
Results of x? Fits for Three Independent Runs®

Xhax
for
confidence
Degrees of levels
Run freedom B —
identification () 0.05 0.01 X2 %2 xa? x® s xe® Xt
INHC 24 364 430 12 12 21 24 18 33 10
2NHC 24 364 430 20 17 16 23 30 26 17
3NHC 24 364 43.0 26 23 19 21 32 25 11
1HC1 26 389 45.6 22 17 26 12 26 28 19
2HC1 26 389 45.6 35 19 28 20 21 18 27
3HC1 26 389 456 41 24 25 16 19 37 24
1HC2 24 364 430 19 20 15 22 22 18 19
2HC2 24 364 430 25 33 18 10 26 30 21
3HC2 24 364 430 23 37 17 26 33 41 24
1HC3 24 364 430 25 20 12 17 22 18 28
2HC3 24 364 430 20 19 28 20 35 30 48%
3JHC3 26 389 45.6 20 17 29 25 33 19 42

@ Runs are for each of the following: (1) NHC, no hard core case; (2) HCI, hard core o = 1.5,
B = 1.0; (3) HC2, hard core « = 2.5, B = 2.0; (4) HC3, hard core o« = 3,5, 8 = 3.0. The x*
values for the fits to the seven scattering terms, which include up to third-order scattering terms,
are shown in the last seven columns. Also listed is the maximum value of x? for the two con-
fidence levels 0.05 and 0.01.

This method of fitting the I'M“(b)-functions has the advantage of avoiding the
evaluation of the Fourier transform integral by numerical methods.

The complete integration of the expression for the total scattering amplitude,
F(4) of Eq. (1), including the Fourier transform integration over the impact
parameter, can be done by Monte Carlo methods. This can be accomplished by

TN VPR SVUORY SRR WIRPS: EPY, MNPSOS FUIRP P |- SRR T

evaluating the multidimensional integral of Eq. (1) by the importance sampling
technique of Section III, We have attempted to calculate F(4) with no hard core
present using this “brute force” method. Each Monte Carlo estimate consists of
14numbers; u, , 4, , U, , U, , 0y, Uy, U, u,), u,', v, v, v, by, and b, . The resulst

581/19/4-3
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FiG. 3. The differential cross section as obtained by Monte Carlo fit method for no hard core
falls within the dashed line region. The exact result is the solid line.

for values of 42 from 0 to 1.0 GeV/c? at intervals of 0.1 (GeV/c)? are shown in
Table V. Each 1000 estimates requires 19 sec of central processing (cp) time on the
Lehigh CDC 6400 computer. The scattering amplitude F(4) can be found fairly
accurately for small values of 42 However, for values of 4% greater than
0.4 (GeV/c)? with sample sizes of 2000 or greater, the standard errors are greater
than the values of the scattering amplitude.

Since we know the exact result for the “no hard core” (NHC) case we can
estimate the amount of cp time necessary to achieve a given accuracy. If we require
that do/dt be calculated to an accuracy of about 50 %, for the 11 points between
4% = 0 and 1.0 at intervals of 0.1, we can estimate the amount of cp time necessary
in the following way. First of all, from Table V we notice that the variance in the
calculated values of both Re F(4) and Im F(4) is statistically constant over the
desired range of 42, Also the standard errors for Re F(4) and Im F(4) are approx-
imately equal for a given sample size. Thus

n'/n = (A1)AI') (46)
Taking n’ = 1000, then from Table V, 4I' ~ 0.35. To find the number of estimates
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FiGc. 4. The differential cross section as obtained by Monte Carlo fit procedure for hard core
size « = 1.5 and B = 1.0 falls within the dashed line region. The solid line is the exact result
when the no hard core wavefunction is adjusted to give the same <r®> as in Table IV for this hard
core size.

n needed to obtain the accuracy 417 for the real or imaginary part of the scattering
amplitude we use

n = (0.35/4I) - 1000.

To meet the requirement of ~50 9%/ accuracy in do/dt at each value of 4, we will
need about 25 9 accuracy in the larger of the real or imaginary part of the scattering
amplitude since

do/dt = w[Re? F(4) + Im? F(4)]. 47)

The estimated sample sizes and cp times needed to fulfill the stated requirements
for each value of 42 are shown in the last two columns of Table V.

Of course the accuracy requirements here are by no means stringent. Also it
should be kept in mind that the maximum value of 42 for this proposed calculation
is only 1.0 (GeV/c)®. Furthermore, we should stress that these estimated cp times
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Fic. 5. The differential cross section as obtained by Monte Carlo fit procedure for a hard
core size « = 2.5 and 8 = 2.0 falls within the dashed line region. The solid line is the exact result
when the no hard core wavefunction is adjusted to give the same <{r?) as in Table IV for this
hard core size.

are for NHC calculations. When we include the hard core part of the density
function, the computation time will increase depending on the size of the hard core.
In short, if we should perform a *“brute force” calculation of this type requiring
50 9 accuracy in do/dt at each value of 42 between 0 and 1.0 (GeV/c)? at intervals
of 0.1 (GeV/c), the total amount of cp time would be approximately 5000 sec.
This is rather a large amount of time for such poor accuracy and small range of 42

In comparison, the cp time required to obtain the NHC results of Fig. 3 was
1020 sec. This number includes the 300 sec to generate each of the three sets of
I'MC(b)-functions and 40 sec to fit each set.

For the hard core cases, Figs. 4-6, the amount of time required increases
rapidly as the value of B8 in Eq. (19) is increased. The cp times required for the
HC calculations are shown in Table VI. The larger hard core sizes as discussed
previously necessitated many more estimates due to the many “zero” contributions.

Perhaps the major drawback of the Monte Carlo—Fit method is the fitting phase.
It may not always be possible to construct an analytic function as we did in Eq. 40
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Fic. 6. The differential cross section as obtained by Monte Carlo fit procedure for a hard
core size « = 3.5 and B = 3.0 for the three computer runs. The dashed line is the exact result
when the no hard core wavefunction is adjusted to give the same <r2)> as in Table 1V for this hard
core size.

TABLE VI

Summary of ¢p Times: The cp Times Required (on the CDC 6400) to Perform Monte Carlo
Fit Calculations for Three Runs for the Various Hard Core Sizes Investigated

Number of Monte Carlo Number  Fitting cp Total cp time

estimates at  cp time/run of time (sec) (sec)
B a each b sec runs
1.0 1.5 1100 ~330 3 ~40 ~1110
20 2.5 3000 ~750 3 ~55 ~2415
3.0 35 6000 ~1500 3 ~60 ~4680

which would fit the IWC(b)-functions in a reliable way. In summary, we should note
that the basic requirements of the fitting function are:

(1) It must be able to fit the point-by-point F_}"‘_C(b)-functions well.
(2) It must have known Fourier transform properties.
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CONCLUSIONS

In conclusion, we find that the Monte Carlo method can be used to solve the
multidimensional integrals that occur in Glauber theory. We find no noticeable
effect of a quark hard core for a given rms quark distance for the hard core values
and wavefunctions we have investigated in proton—proton scattering.
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